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ON THE DIVERGENCE OF TRIANGULAR AND 
ECCENTRICAL SPHERICAL SUMS OF DOUBLE 
FOURIER SERIES 

G. A. KARAGULYAN 


Abstract. We construct a continuous function on the torus with 
almost everywhere divergence triangular sums of double Fourier 
series. An analogous theorem we also prove for eccentrical spherical 
sums. 


1. Introduction 

Carleson [3j proved that the Fourier series of any function from L 2 (T) 
converges almost everywhere. Hunt [6], Sjolin |12J and Antonov [T] es¬ 
tablished the same property of Fourier series in wider function classes. 
Now the best known result, due to Antonov [lj, proves the a.e. conver¬ 
gence of Fourier series for the functions from LlogLlogloglogL(T). 

The problem of almost everywhere convergence of multiple Fourier 
series is well investigated for different definitions of partial sums. If 
/ G L * 1 (T 2 ) is an arbitrary function with the double Fourier series 

+OO 

( 1 - 1 ) Y, C nme i{UX+my) 

n,m=—oo 

and G C t 2 is a bounded region, then we denote by 

(1.2) S a (x,y,f)= V 

fn,m)sG 

the partial sum of (11.11) over the region G. Let P C R 2 be an arbitrary 
polygon containing the origin. We set 

\P = {(At, A y) : (x, y) G P}, A > 0. 

C. Fefferman [3] proved that if / G L p ( T 2 ), p > 1, then 

(1.3) Sxp(x, y , /) -A /(x, y ) a.e. as A -A oo. 

In the case when P is either rectangle or square is considered by Sjolin 
|12] and Antonov [T]. In the rectangle case the relation (11.31) holds for 
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any / G L(logL) 3 log log L ([12]). While P is a square, then it holds 
whenever / G L(logL) 2 loglogL(jTj). Tevzadze [T3j showed that for 
any sequence of rectangles R\ C /G C R 3 C ... R 2 with the sides 
parallel to the coordinate axes the partial sums Sn k (x,y, f) of any 
function / G L 2 (T 2 ) converge a.e.. 

Note that in all these convergence theorems the partial sums depend 
on one parameter. The following theorem due to C. Fefferman [5] shows 
that the rectangular partial sums 

S NM (x,y, f) = Y, Cn m e i{nx+my \ 

\n\<N,\m\<M 

with two independent parameters N and M have a quite different prop¬ 
erty. 

Theorem A (C. Fefferman). There exists a real continuous function 
f G C(T 2 ) such that 

limsup | S NM (x,y, f) | = 00 

iV,M—>00 

for any (x, y) G T 2 . 

Observe that in the above discussed convergence theorems of dou¬ 
ble Fourier series the summation regions are polygons with fixed side 
directions. The present paper shows that a little freedom of the side 
directions of the summation polygons changes the situation basically. 
We consider the following rhombus regions 

(1.4) A(a, h) = {(a;, y) G R 2 : a|x| + b\y\ < 1} , a, b > 0. 

Given such a region A = A(a, b ), we denote 

... max! a, 6} 

P(A = . } ■{ • 

mm{a, 0 } 

It is clear that A is a square, while p( A) = 1. Note that the regions 

(1.5) A(a,6)nM+, 

are triangles with a vertex at the origin. It is clear that the double series 
(11.11) of any real function / G L( T 2 ) can be written in the real form 
(by sine and cosine functions), and the sum (11.21) . corresponding to 
the rhombus region (11.41) . coincides with the partial sum of the Fourier 
series in the real form over the triangle (11.51) . 

A sequence of regions Gk is said to be complete, if = R 2 . 

The next theorem is an equivalent reformulation of the theorem of 
C. Fefferman [4], 
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Theorem B (C. Fefferman). If A&, k — 1,2,..., is a complete in¬ 
creasing sequence of squares of the form G3 (p( Afc) = lj, then for any 
function f G L P (T 2 ), p > l, the relation 

lim S Ak (x,y,f) = f(x,y) 

K —>00 

holds almost everywhere. 


In the present paper we prove the following theorem, which shows 
that in Theorem [B] the condition p(A*,) = 1 can not be replaced by 
p(Afc) —> 1. 

Theorem 1. There exists a real continuous function f G C(T 2 ) and 
a complete sequence of regions A&, k — 1 , 2, ..., of the form G3 such 
that A*. C Afc +1 , p(A*.) —> 1 and 

(1.6) limsup|5 Afc (x,y, /)| = cx) 

fc—>• OO 

almost everywhere. 


An example of a function / G L P (T 2 ), 1 < p < oo, satisfying the 
same relation (11.61) was constructed in [8|. An analogous divergence 
theorem for Walsh-Fourier series was considered in [9]. 

We obtain also a similar divergence theorem for some spherical sums. 
Let B = B(x o, yo, r) be the open ball, with the radius r and the center 
at the point (xo,y 0 ). We define the following quantity 


t(B) = 


Vzq + Vq 

r 


describing the eccentricity of the ball against the origin. We prove 


Theorem 2. There exists a continuous function f G C(T 2 ) and a 
complete sequence of balls £4, k — 1, 2,..., such that rfUif) —> 0 and 

(1.7) lim sup \S Uk (x,y,f)\ = oo 

k —^oo 

almost everywhere. 


In the proofs of the theorems we use the method applied in the paper 
[7], where we establish the unboundedness of the maximal directional 
Hilbert transform on the plane, associated with an arbitrary infinite 
family of directions. 

Unfortunately, we are not able to prove Theorem [2] with the condition 
r(£4) = 0 instead of r(£4) —>• 0. That would be a negative answer to 
the well known problem on almost everywhere convergence of spherical 
partial sums of double Fourier series. 
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2. Auxiliary lemmas 

Let T = K/(27rZ) be the one dimensional torus and T 2 = T x T. If 
A is a Lebesgue measurable set in T or T 2 , then the notation I e stands 
for the indicator function of E, \E\ denotes the Lebesgue measure of 
E. For any n G N and for a measurable set E C T 2 we set 

E(n ) = {( x,y ) G T 2 : ( nx,ny ) G E}. 

It is clear that \E(n)\ = \E\. The relation 

(2.1) lim mnstml = hiUAl, (4n- 2 — |T 2 |), 

n—>-oo 47T 

is well known and follows from a theorem of Fejer (see for example [IT] . 
Theorem (4.15)). The following two lemmas are based on a standard 
probabilistic independence argument. 

Lemma 1. Let no > 0 be an arbitrary integer and 0 < a < 1. Then 
for any sequence of measurable sets E k C T 2 , k = 1,2 with 
\E k \ > 47t 2 q( ; there exist natural numbers n 0 < n\ < n-i < ... < ni 
satisfying the condition 


( 2 . 2 ) 


l 

1J E k (n k ) 

k =1 


> 47T 2 (1 — (1 



Proof. From (12. Hi it follows that 


lim |(AUB(n)) c 

n —>-oo 


lim (47 t 2 — |A| — \B(n)\ + \ A D B(n )|) 

n—>• cx) v ' 

Anr 2 4n 2 

\A C \ ■ \B C \ 

A'k 2 


B |) 


Taking small enough 5 > 0, then applying this relation successively 
l — 1 time, we may find integers 1 — n\ < U 2 < ■ ■ ■ < ni such that 


| (Ei U E 2 {n 2 ) U ... U Ei(ni)) c \ < 


\E{\ ■ \E% 


I E? 


< 


(An 2 ) 1 - 1 
(An 2 — An 2 a) l 


(An 


2 V—1 


+ 5 


= 47t 2 (1 


a 


This immediately gives (12.21) . 


□ 


Lemma 2. Let E k c T 2 be a sequence of measurable sets such that 
\E k \ > 4n 2 a, k = 1,2,..., where 0 < a < 1. Then there exists an 
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infinite sequence of integers 0 < ni < n 2 < ■ ■ ■ such that 


(2.3) 




= 4vr 2 = |T 2 |. 


1>1 k>l 

Proof. Applying Lemma |T] to the set families 

{£,: k 2 <j<(k + l) 2 }, k = 0,1,2,..., 
we find integers nj satisfying 


(fc+i ) 2 

U 

j=k 2 +l 


> 4tt 2 (1 - (1-a) 2fc+1 ), A: = 0,1,.... 

Thus we get | Ufc>; E k {n k )\ = 47r 2 for any l — 1,2,..., and so (12.31) . □ 


Lemma 3. For any function f 6 L°°(T 2 ) we have 
(2.4) |{(*,i/) GT 2 : \f(x,y)\>\\f\\ 1 /8n 2 }\> 


47T 2 


8vr 2 (||/||oo/||/||i)-l' 


Proof. Denote 


E = {(x,y)e T 2 : \f(x,y)\>\\f\\ 1 /8n 2 }. 


We have 


1 <(4 7 r 2 -|A|)^A + |A|||/|| 


After a simple transformation from this inequality we get (12.41) . □ 


For any integer n > 2 of the form 

n = 2 k +j, 1 < j < 2 k , k = 1 , 2 ,..., 

we denote 

(2.5) n = 2 k ~ l + 

where [•] stands for the integer part of a number. A sequence of real 
valued functions f n (x,y), n = 2,3,-•• ,2 m , (/ n ^ 0) is said to be a 
tree-system if 

supp fn C {(a?,j/) G T 2 : (-1) J+1 • f n {x) > 0}. 

The Haar system excluded the first function is the typical example of 
a tree-system. The following lemma was proved in [7J. Its Haar system 
case was considered in [ TO] , 
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Lemma 4. There exists a rearrangement a of the integers {2, 3, • • • , 2 m j 
such that for any tree system f n (x, y), n = 2, 3, • • • , 2 m , we have 


sup 

2<K2 m 


i 

^2fa(n)(x,y) 

n =2 


2 7TO 

> ^J2\fn(x,y)\. 


For any p integer we denote 




27i(i — 1 ) 

\P\ ' 


2ni\ 

MJ 


8? = K X K = 


2n(i — 1 ) 2ni\ f 2n(j — 1 ) 2irj 

'~to ) x V H ’¥T 


hi e Z, 


Q P = {Vp ■ 1 < i,j < Ml- 

Given number 7 > 1 and sequence of integers p n , n = 2, 3,..., n = 2 m , 
such that 1 < IP 2 I < IP 3 I < • • • < \Pu\ and p n \Pn+i(p n divides p n + 1 ) we 
associate the function system 


( 2 . 6 ) 


a n (x,y) = a n (x,y) 


^■E n ( x , y) i(p nX +q n y) 



n > 2, 


where E n is dehned to be the union of all rectangles 5 G Q Pn satisfying 
the conditions 


(2.7) 

( 2 . 8 ) 


Jc{(i,s)eE,: (-1) 3+1 cos(p n x + qrji) >0}, 

^ e i(p n x+q n y) 

,a k {x,y) + - 

k =1 


sup 

{x,y)eS 


m 


< 7- 


Note that some of the sets can be empty. Besides, for the further 
convenience, we also assume that 


E n = 0, n> v = 2 m . 

For any k — 1, 2,..., m — 1 we consider the collection 

£ fc = {£ n : 2 fc < n < 2 fc+1 }. 

The following relations give structural characterization of the sets E n : 

(2.9) E n n E n , = 0, 2 k < n < n' < 2 k+1 , 

(2.10) E n G £ fc =>• E 2n -i,E 2n G £fc+i, 

(2.11) E 2n -1 U i? 2 n C E n . 

Obviously the relations (l2.6MI2.8p define the system (12.61) uniquely. 
From (12.91) and (12. lip we obtain 

( 2 . 12 ) - V^- 

x/m 
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Thus we conclude that if 7 > \Jm, then the condition (12.8j) holds for 
any <5, and so a n (x, y ) doesn’t depend on 7 . In this case the set E n and 
the function a n (x,y ) will be denoted by F n and b n (x,y ) respectively. 


Lemma 5. If p n \p n+ i and |p n+ i| > \p n \y/m, n — 2, 3,..., v — 1, then 


(2.13) 


max 

2<n<u 


^2h(x,y) 

k=2 




A > 0, 


where c > 0 is an absolute constant. 


Proof. Without loss of generality we can assume that p n > 0, n = 
2, 3,..., v. Since F n consists of squares from Q Pn , from (12.61) we get 


Define 



b n (t, y)dt 


0 . 


(2.14) 


fn(x,y ) 



b n (t,y)dt-Id (x) 

Pn+1 


for n — 2,3,... , 1 /, where p u +i > P^V™ i s taken arbitrarily such that 
Pu\Pu+i- From the definition of b n (x,y ) (see (I2.6D - 02.8D in the case 
7 > \/m) we conclude 


(2.15) supp f n d supp b n d F n , n = 2,3,..., v. 


For a fixed y the function f n (x,y ) is constant on each interval 8 J p , 
j = 1 , 2 ,... ,p n + 1 , with respect to the variable x and we have 



fn+i(t,y)dt 



b n+1 (t,y)dt 



b n+1 (t,y)dt = 0 . 


This means that the functions (12.141) form a martingale difference se¬ 
quence with respect to x. Thus, applying a well known martingale 
inequality and then (12.91) and ( 12 . 111 ) . we obtain 


(2.16) 



max 

2<n<v 


^2fk(x,y) 

k =2 


dxdy <^2\\f k \\ 2 2 <J2\\ b k\\l 

k =2 k =2 
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On the other hand if x G 5l , then 

Pk+l ' 

(2.17) 


I fk(x,y) -b t {x,y)\ < 


Pk+1 
2 vr 


°pk +1 


I bk(t,y) - b k (x,y)\dt 


(2.18) 


< sup 

\t-x\<2-K/p k+1 


cospkt — cospkx\ 2irpk 2n 


m 


Pk+iVm m 


Combining this with (12.121) and (12.151) . we get 


2 tt 


Y I fk(x,y) - h(x,y )| < — Y Ip k( x ^y) ^ 2n - 

iii 


k=2 


k=2 


This together with (12.161) derives 


/ max 

rjp 2 2<n<u 


Y y ) 


k=2 


dxdy 


< 2 / max 

rjp 2 2<n<is 


Yf k ( x ’ y ^ 


k=2 


dxdy + 87 r 2 < 1 . 


Then, using Chebyshev’s inequality, from this we will get (12.131) . □ 


Lemma 6 . Let c 6 e t/ie constant from H2.13\ ) and 7 > c + 2. Then */ 
2pn\Pn and 

(2.19) \p n \ > 20u(\p n \ + \q n \), 
then 

(2.20) 'Y [ |Re (a n (x, y))\dxdy > 2\fm. 

^ J t 2 


Proof. Observe that we may assume p n , g n > 0, n = 2, 3,..., v. The 
proof of (12.20j) is based on the bound 


( 2 . 21 ) 


U E ■ 

n=2 m ~ 1 +l 


> 10 . 


In order to prove (12.21)1 we dehne the sets U n and V n to be the union 
of all squares 5 G Q Pn satisfying the condition 

(2.22) 5 C {(x, y) e E n : (-1) J+1 cos (p n x + q n y) > 0}, 

(2.23) 5 n{(x,y) <E E n : (-1) J+1 cos (p n x + q n y) > 0} ^ 0, 
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respectively. We claim the following relations: 


(2.24) E n C U n C E n n V n , 

(2.25) E n C^U V 2n -i, 

(2.26) \V n \U n \<^ 

(2.27) U n \E n c\(x,y)eT 2 


max 

1 <n<v 


^2ak(x,y) 


k =1 


>7-2 


The inclusion (12.2411 immediately follows from the definitions of E n , U n 
and 14 (see tf 22 D, (M), (Ml). 

From (12.5ft it easily follows that 2n — 1 = 2n = n. Thus by the 
definition V4 and V 4-1 are the union of squares 5 G Q Pn satisfying 
respectively 


(5n{(i,2/) G E n : cos (pnX + q n y) > 0} 4 0, 
5 n {(x,y) E E n : cos (p n x + q n y) < 0} 4 0 . 


This implies (12.251) . 

To prove (12.261) we note that the set V n \U n (n = 2 k + j) consists of 
the squares 5 G Q Pn satisfying 

(2.28) 6 D {(a;, y) G E n : (-1) J+1 cos (p n x + q n y) = 0)^0. 


Then observe that if 


(2.29) 5%’P C 14 \U n 
and the integer a 2 satishes 

(2.30) aq + • ——f 1 < «2 < cni + (^1 

^Pn ^Pri \ 

then 



- 1 , 


(2.31) 5^’P n (14 \ U n ) = 0 . 

Indeed, suppose we have (12.291) . (12.301) . and besides (12.31 j) doesn’t hold. 
Then according to (12.281) there are points 

(2.32) (h^jG?, 

such that cos (pnXi + q^y i) = cos(pnX 2 + q^y 2 ) = 0 and therefore 

7T 7T 

PfiTl + <7n?/l = - + nil, PnX2 + <?n2/2 = ~ + TT/o, 

for some integers l\ and Z 2 . Thus we will get 

(2.33) p n (x 2 - Xi) + q n (y2 - Vi ) = t(Z 2 - h). 
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From (12.1911 . (12.3011 and (12.321) we derive 


(2.34) \p n (x 2 - Xi) + q n (y 2 - 2/i)| < 


2irp fl {a 2 - cti + 1) 2 nq n 


Pn 


+ 


Pr 


i 1 \ vr 

< 7T 1-H-< 7T. 

' 3u lOu 


Combining (I2.33H and (I2.34p . we get l\ = l 2 and therefore 

(2.35) pn(x 2 - xi) = q n {yi - Vi)- 

On the other hand, using (j2.19[l . (I2.30jl and (I2.32[) . we have 

(2.36) 
and 


( \ s 2 n< ln ^ n 

qn{y l - 2/2) <-< 


Pr 


lOu 


(2.37) Pn(x 2 - Xi) > 


2np n (a 2 - - 1) 2np n p 


7r 


> 


Pn Pn 2Pn 3v 

Combining (12.35jl - (l2.37jl we get contradiction. Hence we have 

(2.38) (123291 (1273(71 (12311 

For 1 < i < p n and 1 < k < p n we consider the squares 


(2.39) 


S ij . (fc ~ IK < ? < kp 


Pn 


2Pn 


2 Pn 


Since 2/j^ divides p n , either they are all inside of E n or all are outside 
of E n . Using the relations (12.19P and (I2.38P . one can easily conclude 
that the number of squares 8^ from the collection (12.391) included in 
V n \U n doesn’t exceed the quantity 

2 Pn 3 ^ 1 Pn 

3v 2 p n V 2 Pn 

Thus we get the number of all squares S G Q Pn with S C V n \ U n is 
estimated above by the value ( Pn ) 2 /v , where ( p n ) 2 is the number of all 
squares 5 G Q Pn . Hence we get 


|K,\C„| < — 2 4n 


1 

v 


If (x,y) belong to the left side of (12.271) . then according to the dehni 
tions of U n ( (12.221) ) and E n ( (12.71) . (J2 


(Pn) 2 

t 

, there exists a unique 5 G Q Pn 
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such that (x, y) G 8 C U n and hfl E n = 0. From (12.221) we have 5 C E n , 
then using (12.71 and (12.81 we conclude 


(2.40) 

(2.41) 


sup 

(u,v)£5 


sup 

( u,v)gS 


^2a k (u,' 


k =1 


< 7, 


Y a k( u ’ v ) + 


0 i{p n u+q„v) 


k =1 


> 7- 


By (12.411) there exists a point (ic 0 ,i/o) € 5 satisfying 

e *(PnZO+<?n?/o) 


(2.42) 


Y', Rfc(To, Z/o) + 


fc=i 


m 


> 7- 


On the other hand for an arbitrary (x,y), {x',y') G 5 we have 


0 pnx+qny _ c Pnx'+qny‘ 


- 


< 


gPriZ+gnl/ _ gPftZ+IJnj/ _|_ gPriZ+gfip' _ gPfix'+IJfip' 


e 9n2/ _ e 9n2/ 


+ 


gPnZ _ gPriZ 


<V^(9n|j/ - J/'| + Pn\ x ~ x'\) 
^ 4tt (pn + g fi ) 1 

Pn V 


and therefore 


r = sup 

(x,y),(x' ,y')eS 


Ya k (x,y) ~Y a k( x 'iy') 


k= 1 


fc=l 


< 1. 


Thus, using (12.421) . we obtain 




fc=i 


> 


> 


Y a k( X 0:Vo) 


k= 1 
n 


— r 


a k( x o, Vo) + 


e PnXo+q n yo 


k= 1 


|g/>nZ0+<2nl/0| 


- 1 


m 


>7-2, 

which gives (I2.27|) . According to (j2.25[) we have 


E n \ (E 2n -1 U E2n) C (V^n-l \ -EWi-l) U (V^ra \ E 2n ) 
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Using this we get 
(2.43) 


2 m 2 m — 1 

5] En = T 2 \ U (E n \ (U 2ri _! U E 2n )) 

=2 m_1 +l 


n=2 

v 


D 


T 2 \1J(14\B„) 


71=3 


T 2 \ )J(U n \^n)U(U n \^n) • 


\n=3 


From (I2.26P we get 


u K \ u, n 


n=3 


U Vn\U„ 


n=3 


< l. 


Applying Lemma [5l from (12.2711 it follows that 


(2.44) 


n=3 


U {U n \E r 

(x, y) G T 2 : max 


< 


1 <n<u 


^ak(x,y) 


k =1 


>7-2 


< _E_ < £±^ < i. 

7-2 7 

Combing (12.43jl - fl2.44p we obtain 

ora 

E 

n=2 m “ 1 +l 


> |T 2 | - 2 > 10 


and so (12.2111 . Using the properties of the sets E n ( (12.9jl - (l2.11jl ). from 
(I2.21H we conclude 

2 k 2 m 

\ En \ - \ En \ > 10 
n=2 k ~ 1 +l n=2 m -!+l 

for any k — 1, 2 ,..., m and therefore 


\E n \ > 10m. 


n=2 


(2.45) 
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On the other hand, since E n is a union of squares 6 G Q Pu , we have 


(2.46) / | cos(p n x + q n y)\dxdy 


E 

SeQ Pn ,S<zE n 

E 

SeQ Pn ,ScE rl 

4tt ^ 

SeQ Pn ,s<zE. l 


cos (p n x + q n y)\dxdy 
cos(x + y)\dxdy 


PnQn J T 2 


Pnqn 


- ^ |i| = J^i 

7T 7T 

6eQ Pn ,5(ZE n 


Combining (12.451) and (I2.46P we obtain 

" ^ r ^ u ^ r 

V / |Re (a n (x, y))\dxdy = —= ^ / | cos(p n x + g n y)|(ixch/ 


n=2 7T2 


m ri=2 ^ 


> —^f= V' | E n | > 2\/rn. 


□ 


Lemma 7. Lef cr 6e the rearrangement of the integers {2, 3, • • • , 2 m } 
determined by Lemma If 7 and satisfy the hypothesis of Lemma 
0 f/ien 


(2.47) 


(z,y) e T 2 


max 

2 <n<is 


'y 1 a v(j)( x i y) 


3 =1 



> 1. 


Proof. The function system 


u n {x,y) 





cos(p n x + g n i/) 


Re (a n (x, y)), 


where n = 2, 3, • • • , z/ = 2 m , is a tree-system, since by definition ( (|2.7|) . 
(12. gp ) we have 

supp (u„(x, y)) C E n C {(x, ?/) G : (-1) J+1 cos (p n x + q n y) > 0} 

= {(x,y) G E n : (-1 y +1 u n (x,y) > 0} 

= {(x,y) G T 2 : (-1 ) 3+l u n {x,y) > 0}, 
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Hence, applying Lemma HI we get 


(2.48) sup 

2 <l<v 


^ ^ ®<j(n) (x, 2/) 


n—2 


> sup 

2 <Ki/ 


^ 1 u cr(n) {x, y ) 


n=2 


> ~Y \ U n( X iV)\- 


n=2 


Consider the function 

V 

(2.49) /(a:,i/) = ^ |u n (a:,i/)|. 


n=2 


By Lennna[5]we have ||/||i > 2y/m. On the other hand ||/||oo < \/ttz, 
because 

0 < f[x, y) < ^ v m 


n=2 


Thus, applying Lemma EJ we get 


{x,y) G T 2 : \f(x,y)\ > 


47T 2 


m 


> 


> 


47T 2 


8vr 2 (||/|U/||/||i)-l 

47T 2 


> 1. 


47r 2 — 1 

Combining this with (12.481) and (12. 49ft . we obtain (12.471) . 
Lemma 8. //y > 1 and p n divides p n + i, then 


□ 


^ak(x,y) 


k =2 


<7, (h!/)eT 2 . 


Proof. Take an arbitrary ( x,y ) G T 2 . We have 
(2.50) ( x , y) E E n \ {E 2n -i U E 2n ) 

for an integer 2 < n < 2 m . Then from the definition of the sets E n 
(flUD, (12751) ) we get 


^ak{x,y) 


k =2 


< 7, 


and afc(x, ?/) = 0 while k > n. This implies 


^a k (x,y) 


k =2 


Y a k( x ,y ) 


k=2 


< 1, 


and so the lemma is proved. 


□ 
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Any finite sum of the form 


T(x,y)= ^2 


i(nx+my) 

^ nm c 


nm' 


(n,m)GG 


where G C R 2 is a bounded region, is said to be a double trigonometric 
polynomial. The spectrum of this polynomial is denoted by 


spec (T) = {( n,m ) G Z 2 : c nm ^ 0} . 


We will consider the sectorial regions 

(2.51) V(a, (3) = {(t, y) G M 2 : x = r cos 9,y = r sin 9, 

r > 0, a < 6 < /?}, 

where 0 < a < f3 < 2 tt. In the proof of the following basic lemma the 
technique of the paper [7] is used. 

Lemma 9. If S n , n = 2,3, • • • , v = 2 m , m > 10, is an arbitrary 
sequence of sectors of the form H2.51\) . then there exists a sequence of 
polynomials T n (x, y), n = 2, 3, • • • , v, such that 

(2.52) spec T n C S n , n = 2, 3, • • • , v, 



(2.53) 


(2.54) 


where ci,C2 > 0 are some absolute constants. 

Proof. Let a be the rearrangement of the numbers {2, 3, • • • , u — 2 m } 
determined by Lemma |4] and let 


7 = c + 2, 


where c is the constant from (12.131) . We define positive integers p n ,q n 
and double trigonometric polynomials f n (x,y) such that they, together 
with the sets E n C T 2 , n = 2, 3, • • ■ u, defined by (12.71) and (12.81) satisfy 
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the relations 


(2.55) 2pn\p n , 

(2.56) \Pn\ > 20m(|pn| + \q n \), 

(2.57) spec (, f n (x,y)e l(pnX+qny) ) C S a - i (n) , 2 < n < u, 

(2.58) 0 < f n (x,y) < -^=, (x,y) e T 2 , 

Jm 


(2.59) 


U(x,y ) 


\/m z/ 


(z, //) G E n U ( E n ) c , 2 < n < v. 


We will use the induction. As a first step of induction we suppose E 2 = 
T 2 , f 2 (x,y ) = and £x integers p 2 and q 2 with ( p 2l q 2 ) G 5' cr -i (2 ). 

Obviously we will have the relations (I2.55j) -( l2.59l) for n — 2. Now we 
suppose that the conditions (I2.55h - (l2.59jl are satished for any n < l and 
in particular for l. Since E[ C Ej and Ej is an open set, we may hnd a 
polynomial fi(x,y ) satisfying (12.58P and (12.59(1 (with n = l). Since 

spec (fn(x,y)e l ( pnX+griy) ) = spec (/„) + ( p n ,q n ), 

we can choose integers p n and q n satisfying (I2.55D - (I2.57D (n = /). This 
completes the induction. Now we define our desired polynomials as 
follows: 


T n (x,y) = 2 <n<v. 

Together with T n (x, y ) we will consider also the function system a n (x, y) 
defined in (12.61) . From (12.571) we have 

spec (T n ) = spec (fa(n){x,y)e l{p ^ x+q ^ y) ) C S n , 

which implies (12.52^ . If (x,y) G T 2 , then we have 

(x, y) G E n \ (E 2n _i U E 2n ) 


for some integer 2 < n < 2 m . From this it follows that (x,y) G Ej U 
( Ej) c whenever 2 < j < v and j ^ 2n, 2n — 1. Thus we get 


^Ej(x,y) 

y/m 


< 


2 < j < v, 


v 


j ± 2/1,277 - 1, 


fj(x,y) 
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and therefore 


(2.60) 


Y 1 Tj(x,y) - a a{n) (x,y) \ 

3 =1 


E 

3 = 1 


fj(x,y) 


^E^x.y) 


s E 

j^2n,2n—l 




^Ej(x,y) 

yfm 


< 2 . 


+ 1 


From this and Lemma [8] we get 


Y T n(x,y ) 

71 = 1 


< 


V 

Y an ^ x ^ 

n =1 


+ 2 <7 + 2 


c + 4 


and hence (12.53ft . From (12.601) it also follows that 


(2.61) 


l 


l 


max 

2<l<u 


Y T ^ x ' y } 

3= 2 


> max 

2<l<w 


^ 1 a a{j)( x , y) 
3 =2 


- “ a ++( x ^)l 

3=2 


> max 

2<l<v 


i 

y ^ a cr(j) { x j IJ ) 
3=2 


- 2 . 


Combining (I2.6ip with Lemma [3 we obtain 


(+?/) e 


T : max 

2<l<v 


l 


Y Tn ( x ' y ^> 

3=2 



> 


(x,y) e T 2 


max 

2<l<v 


i 

y ^ ®<r(n) (+ I/) 
3=2 



> 1. 


and therefore we will have (12.54ft . 


□ 


Lemma 10. For any 6 > 0 and m, s G N there exist a sequence of 
regions A n of the form (Tj_) and polynomials Q n , n = 2, 3, • • • , u — 2 m , 
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such that 


(2.62) 

(2.63) 

(2.64) 

(2.65) 

( 2 . 66 ) 


p(A„) <1 + 5, n = 2,3, ■ • ■ ,u, 

Ai A(s, s), A n CZ A n _|_i, n 1,2,, , i'' 1, 

spec Q n C (A n \ A n _i) fl M+, n = 2, 3,, • • • ,u, 


V 


y o? 

i=2 


< Cl, 


(x, w) 6 T 2 : max 

V 2<n<u 


y Qj(+y) 

J=2 


> c 2 \/m 


> 1 . 


Proof. Consider the sectors 

V n = V vr^ C (-oo, 0] x [0, +oo), n = 2, 3, • ■ ■ , i/, 

of the form (12.511) and set S n — V n \ V n -\. Applying Lemma EH we 
find polynomials T n (x,y) with the properties (I2.52I) - (I2.54I) . We have 
spec (T n ) C [— Z, 0] x [0,/], n = 2, 3, ■ ■ ■ , v, for some integer l > s. 
Denote 


Qn(x,y) = T n (x,y)e llx , 

©n = ((^,0) + V n ) nM 2 , n = 2, 3, 

Observe that @„ are triangles of the form (j 1.5 1) . and the regions 

A n = © n U {(x, y) G M 2 : (-x, y) G ©„} 

U {(x, y) G M 2 : (-x, -j/) G 0 n } 

U {(x,y) G M 2 : (x, - y) G 0 n } 


have the form (II.4p . It is clear that small enough number £ guarantees 
(12.621) . The conditions (12.631) and (12.641) are immediate. The relation 
(12.651) follows from (12. 531) . (12.661) follows from (12.541) . since we have 


n 


y QA x ,y) 

3= 2 


y T A x ,y) 

3 =2 


Lemma is proved. 


□ 


The following lemma is a version of Lemma [TO] for balls instead of 
triangles. It will be used in the proof of Theorem [2] 
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Lemma 11. For any 5 > 0 and m,r E N there exist a sequence of balls 
U n and polynomials Q n , n = 2, 3, • • • , v = 2 m , such that 


(2.67) 

( 2 . 68 ) 

(2.69) 

(2.70) 

(2.71) 


r(U n ) < S , n = 2, 3, • • ■ , v, 

B(0, 0, r) D U n , n = 2,3,, • • • ,u, 

spec Q n C I U n \ |J Uk I , n = 2, 3,, • • • , u, 


k =2 


y Qj 

J=2 


< Ci, 

(t, !/) 6 I 2 : max 


2 <n<v 


^2Qj(x,y) 

3 =2 


> C 2 \/' m 


> 1 . 


Proof. Consider the sectors 

C ($2n+l; @2n) ■ R 2, 3, • • ■ , 

where 


0 * = - + 

2 jfc 

Applying Lemma [9], we hnd polynomials T n (x,y) with the properties 
dZBZD - dZMD - Denote 

Qn(x,y) = T n (x,y)e lRx , 

Q n = (R, 0) + V n , n = 2, 3, • • • , u, 
where the number R will be determined bellow. We have 

spec (Q n ) C 0 n . 

Consider the balls 


B n = B (0, —i2tan(e:/n), R.f cos(6 l n )) 
and the lines L n given by the formulae 

x = R + t cos(9 n ), y = tsin(9 n ). 

Note that the boundary of the sector Q n is determined by the lines 
L 2n and L 2n ~ i- Besides, the line L n is tangential for the ball B n at the 
point (R, 0). A simple calculation shows that 

(2.72) x(B n ) = sin (e/n) < sine. 

Using this, for a bigger enough R we will have a good approximation 
of the lines L n by the balls B n and therefore we will get 

(2.73) ©„ C B k , k> n, 

(2.74) 0 n fl B k = 0, k < n. 
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We denote U n = £>2n- A small enough number £ guarantees (12.671) 
according to (j2.72j) . Then taking i? bigger enough we derive (I2.68j) . 
It easy to check that the relation (12.691) can be obtained from (12.731) 
and (12.741) . Then (12.701) follows from (12.531) . (12.711) follows from (I2.54I) . 
since we have 


n 


^Qj{x,y) 

3 =2 


^Tjfay) 

3=2 


Lemma is proved. 


□ 


3. Proof of theorems 


Proof of TheoremUf Fix integers k — 1, 2,... satisfying 

(3.1) fx k+1 - n k = 2 fc6 - 1, A: =1,2,.... 

Applying Lemma ITOl successively, we may dehne polynomials Q n (x,y) 
and regions A n , n = 1, 2,..., of the form (11.41) satisfying the relations 


(3.2) 

(3.3) 

(3.4) 

(3.5) 


p(A„) < 1 + 1/n, n = 1,2, •••, 

A n _i cz A n , n 1,2, , 

spec Q n C (A n \ A n _i) fi R+, n = l,2, •••, 


Mfc+l 


x ^ 




< Cl, A; = 1,2, 


(3.6) 


(t, p) G T 2 


max 

Vk<n<fik +1 


X Qj( x ^y) 

j=nk +1 


> C 2 fc 3 


> 1. 


It is clear that we may dehne g n (x, y) equal to one of the following real 
polynomials 

Re(Qn(®,J/)), Im {Q n (x,y)), 

such that 


(3.7) 


(x, y) 6 T 2 


max 

/irfc 1 


XI 9ji x ,y) 

j=i*k +1 




Each g n (x,y) can be considered as a complex polynomial and from 
(13.41) it follows that 

specp n C A n \ A n _i, n = 1, 2,.... 

Consider a real function 


f( x ,y) = X 

fc=i 


^ Mfc+i 

^ X 9j{nkX,n k y), 

j=r-k +1 


(3.8) 








































ON THE DIVERGENCE OF DOUBLE FOURIER SERIES 


21 


where n k / oo is a sequence of integers that will be defined bellow. 
Since this series converges uniformly, / is continuous. We denote 

Ek = < (x, y) E T 2 : max 

I f L k^- n '^:f L k+l 

A j = {(u,v) G M 2 : (u/n k ,v/n k ) G A,,}, y k < j < Hk+ 1 - 

It is clear that each Aj is also a region of the form (II .4j) and from 
(13.2D - (13.41) . (13.71) we get respectively 

(3.9) p(A n ) < 1/n, n = 1,2,--- , 

(3.10) A n _! C A n , n = 1, 2, • • • , 

(3.11) spec (, g n {n k x , n*#)) C A n \ A n _i, y k <n< /i k+1 , 

(3.12) |E fc | > 1/2. 

According to Lemma [2], we may define the integers n k such that 

(3.13) |Di>i Ufc>/ E k (n k )\ = 47t 2 . 

It is clear that if (x,y) G E k [n k ), then 

(3.14) max 

flk 1 

From (13.101) and (13.11ft it follows that 


^2 9j( n k x, n k y) 


j=Uk.+1 


> 


c 2 k 3 



S A n ( x ,yJ) - S&^fayJ) 


fc 2 


gj(n k x,n k y ) 

i—Mfc+i 


for any //*, <n < y k +i- Combining this with (13.141) . we get 


max 


S A n ( x ,y,f) - S^ k ( x ,y,f) > (x, y) G E k (n k ), 


then taking into account of (13.13ft . we hnd that the sums (x,y, f) 
diverge almost everywhere. This proves Theorem [D □ 


In the proof of Theorem [2] we use the same argument as in Theorem 
[0 So the details of the proof will be omitted. 


Proof of Theorem [B Fix integers /i k , k — 1, 2,..., satisfying (13.1ft . Ap¬ 
plying Lemma flOl we define polynomials Q n (x,y ) and balls B ni n — 
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1 ,2,..., satisfying the relations 


r(U n ) < 1/n, n = 2, 3, ■ ■ • , u, 


71 — 1 


spec Q n C ( U n \ (J U k ) , n = 1, 2, • • • , 

k=2 J 

< ci, A; = 1,2,..., 


Mfc+l 

y Qj 

j=vk+ i 


(x, 1 /) 6 T 2 : max 


Mfc < 72 <A i fc+l 


y Qj(x,y) 

J=Mfc+l 


> c 2 fc 3 


> 1. 


Then the function 


OO Mfc + l 


/(^y) = y^ y Qj( n k x, n k y), 

k =1 i=Mfc+l 


where n^ are properly dehned integers, satishes (11.71) . The rest part of 
the proof is exactly the same as in the proof of Theorem [[] so we leave 
it to our patient reader. □ 
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